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Abstract
For a fixed prime p, we consider a filtration of the commuting complex of ele-
ments of order p in the symmetric groupSn. The filtration is obtained by imposing
successively relaxed bounds on the number of disjoint p-cycles in the cycle decom-
position of the elements. We show that each term in the filtration becomes highly
acyclic as n increases. We use FI-modules in the proof.
The commuting graph Λp(G) of a finite group G at the prime p is the graph whose
vertices are elements of order p in G with edges connecting elements that commute.
Writing K(Λ) for the clique complex of a graph Λ, the commuting complex of G is
Kp(G) := K(Λp(G)). In other words, a (k + 1)-simplex in Kp(G) is a subset of G with
size k, whose elements are of order p that pairwise commute.
As a poset, Kp(G) has an evident Galois connection with the Quillen poset Ap(G)
[Qui78, Section 2] of nontrivial elementary abelian p-subgroups ofG, yielding a homotopy
equivalence. When G is a finite group of Lie type, Kp(G) is homotopy equivalent to the
Tits building of G [Qui78, Section 3] (also see [TW91, Remark 2.3(iv)]). For an arbitrary
finite group G, the complex Kp(G) (or different incarnations of its G-homotopy type
[TW91]) contains significant information about the representations [KR89], [The´93],
[Bal15], [Gro16] and cohomology [Web87a], [Web91], [Gro02], [VFW02], [Sym05] of G
and its p-local subgroups in characteristic p. For a “big picture” point of view as to
how Kp(G) fits in the finite group theory landscape, I recommend Webb’s [Web87b] and
Alperin’s [Alp90] surveys. Smith’s book [Smi11] is a more recent and extensive reference.
The focus of this paper is the case G = Sn, the symmetric group on n letters. For each
a ≥ 0, let us write Λp(Sn, a) for the induced subgraph of the commuting graph Λp(Sn) on
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elements that can be written as a product of at most a number of disjoint p-cycles. For
example {(1 2)(3 4), (1 3)(2 4), (1 4)(2 3), (5 6)(7 8)(9 10)} is a clique in Λ2(S10, 3). The
clique complexes Kp(Sn, a) := K(Λp(Sn, a)) provide a natural filtration
∅ = Kp(Sn, 0) ⊆ Kp(Sn, 1) ⊆ · · · ⊆ Kp(Sn, ⌊n/p⌋) = Kp(Sn) .
For each a ≥ 1, the complex Kp(Sn, a) has dimension ⌊n/p⌋ − 1, with the a = 1 case
being the easiest in terms of the combinatorics involved. Still, Kp(Sn, 1) is already
interesting. After Bouc’s computation of the fundamental group π1(K2(S7, 1)) = Z/3
[Bou92, Proposition 3], combinatorialists have found a wealth of torsion in similarly
defined matching complexes [SW07], [Jon08], [Jon09]. Also, Kp(Sn, 1) has been used
to great effect in understanding the more mysterious Kp(Sn) [Kso03], [Kso04], [Sha04],
[SW09].
We now fix some terminology. All of our homology groups are over Z. We say that a
simplicial complex X is k-acyclic if the reduced homology H˜t(Xn) vanishes for t ≤ k.
We call a sequence {Xn} of simplicial complexes is highly acyclic if for each k ≥ 0,
the complex Xn is k-acyclic when n is sufficiently large.
Ksontini showed that Kp(Sn) is connected for n ≥ 2p + 1 [Kso03, Proposition 2.4],
and Kp(Sn) is simply connected for n ≥ p
2+p+1 [Kso03, Theorems 5.2, 5.3], providing
evidence for the following:
Conjecture 1. The sequence {Kp(Sn)} is highly acyclic.
This paper came out of an unsuccessful attempt at proving Conjecture 1 and instead
settling with the Kp(Sn, a).
Theorem A. For each a ≥ 1, the sequence {Kp(Sn, a)} is highly acyclic. More pre-
cisely, Kp(Sn, a) is k-acyclic for n ≥ 2(k + 2)ap− 1.
Some low degree cases of Theorem A are known with sharp bounds. Ksontini showed
that Kp(Sn, 1) is connected when n ≥ 2p + 1, see the first part of the proof of [Kso03,
Proposition 2.4]. For sharpness, note that K2(S4, 1) has three connected components.
Again Ksontini showed thatKp(Sn, 1) is simply connected for n ≥ 3p+2 [Kso03, Propo-
sition 4.1], where the K2(Sn, 1) case is due to earlier work of Bouc [Bou92, Proposition
2]. That the 3p+2 bound is sharp follows from another paper of Ksontini [Kso04, Lemma
3.5, Proposition 4.1]. This seems to suggest that the vanishing slope in Theorem A could
be halved.
Our point of view in studying the homology Hk(Kp(Sn, a)) will be to fix
• the prime p,
• the homological degree k,
• the maximum allowable number of p-cycles a in a single element,
and then to vary n. The assignment n 7→ Kp(Sn, a) defines a functor Kp(S•, a) from
FI (finite sets and injections) to simplicial complexes, or shortly an FI-complex. Thus
Hk(Kp(S•, a)) is an FI-module. There is similarly an FI-module Hk(Kp(S•)), where
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there is no imposed bound on the number of p-cycles. For motivations and an introduc-
tion to FI-modules, see the first two sections of Church–Ellenberg–Farb [CEF15]. All of
our FI-modules will be over Z.
For a given FI-module V and an injection f : S →֒ T between finite sets, we often
write f∗ : VS → VT for the transition map. We call an FI-module V torsion if for every
finite set S and v ∈ VS, there exists an injection f : S →֒ T such that f∗(a) = 0. We use
the term finitely generated for an FI-module as defined in [CEF15, Definition 1.2].
The following is a basic, but quite an important observation:
Proposition 2. Suppose that {Xn} is a sequence of simplicial complexes such that the
assignment
n 7→ Xn
extends to a FI-complex X•. If the FI-module Hk(X•) is finitely generated and torsion
for every k ≥ 0, then the sequence {Xn} is highly acyclic.
Proof. We want to show that for every k, the assignment n 7→ Hk(Xn) vanishes for
all but finitely many values of n, which is the same thing with showing that the FI-
module Hk(X•) vanishes on sufficiently large finite sets. Fix k, and let A be a finite
list of generators for Hk(X•) such that each a ∈ A lies in Hk(XSa) for some finite set
Sa. Because Hk(X•) is torsion, there exists injections ι
a : Sa →֒ Ta such that ι
a
∗
(a) = 0.
Defining N := max{|Ta| : a ∈ A}, we claim that for any finite set S with at least N
elements we have Hk(XS) = 0. This is because Hk(XS) is generated as an abelian group
by
{f∗(a) : a ∈ A, f : Sa →֒ S}
and every such injection f : Sa →֒ S factors through ι
a, hence f∗(a) = 0.
Theorem 3. The FI-modules Hk(Kp(S•)) and Hk(Kp(S•, a)) are torsion for every
a, k ≥ 1.
Proof. We shall prove the stronger claim that for any injection f : S →֒ T with |T |−|S| ≥
p, the simplicial map f∗ : Kp(SS, a)→ Kp(ST , a) is null-homotopic. In particular, there
is no element of these FI-modules that survives transition maps more than p degrees
beyond. To see this, pick B ⊆ T − f(S) with size |B| = p. Now pick a p-cycle σ ∈ ST
which permutes B and leaves T − B fixed. Because f(S) and B are disjoint, we have a
well-defined order preserving map
Kp(SS, a)→ Kp(ST , a)
Q 7→ f∗(Q) ⊔ {σ} .
The relations f∗(Q) ⊆ f∗(Q) ⊔ {σ} ⊇ {σ} prove that f∗ is homotopic to the constant
map Q 7→ {σ}. The same argument works for Kp(S•).
Proposition 4. For every k ≥ 0 and a ≥ 1, the FI-module Ck(Kp(S•, a)), defined by
the k-th chain groups, is generated in degrees ≤ (k + 1)ap.
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Proof. One needs to pay attention to the degree shift in the clique complex construction:
Ck(K(Λ)) has the (k + 1)-cliques of the graph Λ as a basis. Thus Ck(Kp(SS, a)) is the
direct sum of subsets Q ⊆ SS of size k + 1, such that
• every σ ∈ Q is a product of at most a disjoint p-cycles, and
• every σ, τ ∈ Q commute with each other.
Now if we were to write out all the elements in Q in their cycle decompositions, the total
number of symbols we see would be at most (k + 1)ap. Thus if we write B for the set
of elements in S that is moved by one of σ ∈ Q, then |B| ≤ (k + 1)ap and there exists
QB ⊆ SB with the same size and properties above. Therefore QB ∈ Ck(Kp(SA, a)) and
writing ι : B →֒ S for the inclusion, we have ι∗(QB) = Q.
At this point, the Noetherian property of FI-modules due to Church–Ellenberg–Farb–
Nagpal [CEFN14, Theorem A], suffices to prove the high acyclicity part of Theorem A.
We can also reduce Conjecture 1 to an FI-module statement:
Conjecture 1′. There exists a chain complex of finitely generated FI-modules C∗ such
that Hk(C∗) = Hk(Kp(S•)).
To get the explicit vanishing ranges in Theorem A, we will need to put in a little more
work. Let us write FI♯ for the category of partial bijections, as in [CEF15, Definition
4.1.1]. We call a finite filtration of an FI-module a finite FI♯-filtration if each factor
FI-module in the filtration extends to an FI♯-module.
Proposition 5. For every k ≥ 0 and a ≥ 1, the FI-module Ck(Kp(S•, a)) has a finite
FI♯-filtration.
Proof. We first show that the FI-module
V :=
∞⊕
k=0
Ck(Kp(S•, a))
extends to an FI♯-module. To that end, take a partial bijection φ : S ⊇ A
f
←→ B ⊆ T
and Q ⊆ SS of commuting elements which are products of at most a disjoint p-cycles,
noting that V is spanned by such Q. Now we can simply declare φ∗(Q) := 0 if Q∩SA is
empty, and φ∗(Q) := f∗(Q∩SA), which is a similar set of elements in ST with possibly
smaller size than Q. Checking functoriality is straightforward.
Using the classification of FI♯-modules obtained by Church–Ellenberg–Farb [CEF15,
Theorem 4.1.5], we have V = M(W ) for some FB-moduleW : here FB is the category of
finite sets and bijections, and M is the left adjoint of the restriction functor FB -Mod→
FI -Mod. Conversely every FI-module of the form M(X) extends to an FI♯-module.
A result of Ramos [Ram15, Proposition 2.18] says that HFIi (V ) = 0 for every i ≥ 1,
where HFI0 : FI -Mod → Z-Mod is a certain right exact functor (we do not need its
definition) and {HFIi : i ≥ 1} are its right derived functors. Being a direct summand of
V , the finitely generated (Proposition 4) FI-module Ck(Kp(S•, a)) also vanishes under
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HFIi for i ≥ 1. Hence it has a finite FI♯-filtration by the homological characterization of
Ramos [Ram15, Theorem B].
Proof of Theorem A. By the definition of homology, we have
Hk(Kp(S•, a)) = coker
(
Ck+1(Kp(S•, a)) −→ V
k
)
,
where V k := ker
(
Ck(Kp(S•, a))→ Ck−1(Kp(S•, a)
)
as FI-modules. We also observe that we would get V k+1 if we replaced coker with
ker above. All the chain modules involved have finite FI♯-filtrations by Corollary 5,
thus using the notation of Church–Miller–Nagpal–Reinhold [CMNR18], their local degree
hmax = max{hi : i ≥ 0} is equal to −1 [CMNR18, Corollary 2.13] (originially due to
Li–Ramos [LR18, Theorem F]), and their stable degree δ is at most (k+2)ap, (k+1)ap,
kap, respectively, by Proposition 4 and [CMNR18, Proposition 2.6(4)]. Thus by the
proof of [CMNR18, Proposition 3.3] we get
h0(Hk(Kp(S•, a))) ≤ max
{
h0(V k),−1, h2(V k+1)
}
≤ 2(k + 2)ap− 2
Because Hk(Kp(S•, a)) is torsion by Corollary 3, we are done due to the definition of h
0
[CMNR18, 2.5].
Remark 6 (Kneser graphs and hypergraph matching complexes). Given a fi-
nite set S, consider the graph Kneserp(S) whose elements are subsets of S with size p
(here p need not be a prime) such that the edges connect disjoint subsets. Note that
Kneser2(S) = K2(SS, 1). The clique complex Mp(S) := K(Kneserp(S)) is often referred
to as a hypergraph matching complex in the combinatorics literature. Virtually
the same arguments we used for proving Theorem A show that the complex Mp(S) is
k-acyclic if |S| ≥ 2(k + 2)p− 1. However, better vanishing ranges have been known for
some time. The most recent of these (to my knowledge) is due to Athanasiadis, who
showed [Ath04, Theorem 1.2] that Mp(S) is k-acyclic if |S| ≥ (k + 2)p + k + 1. The
graphs Kneserp(S) themselves have received recent attention [RW17], [RSW18] with an
FI point of view.
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